We consider two N = 4 supersymmetric gauge theories connected by an interface and the gravity dual of this system. This interface is expressed by a fuzzy funnel solution of Nahm's equation in the gauge theory side. The gravity dual is a probe D5-brane in AdS 5 × S 5 . The potential energy between this interface and a test particle is calculated in both the gauge theory side and the gravity side by the expectation value of a Wilson loop. In the gauge theory it is evaluated by just substituting the classical solution to the Wilson loop. On the other hand it is done by the on-shell action of the fundamental string stretched between the AdS boundary and the D5-brane in the gravity. We show the gauge theory result and the gravity one agree with each other. 
Introduction and summary
A 4-dimensional interface CFT is a scale invariant quantum theory where two same or different 4-dimensional CFTs are connected by a codimension one hyperplane called "interface." This is a kind of generalization of a boundary CFT. Interface CFTs have been discussed in the brane configurations in the string theory [1, 2, 3] , and in the AdS/CFT correspondence [4, 5, 6 ] (see also [7] and references there in). The supergravity description, sometimes called "Janus," has been successfully constructed [8, 9, 10, 11, 12, 13] . Later the classification and S-duality of the Interface is discussed in [14, 15, 16] . More recently 4-dimensional interface CFTs (or boundary CFTs) have been found to be related to knot invariants [17, 18] .
Let us consider a test particle in the interface CFT. This test particle, in general, feels a force from the interface. This phenomena is an analogue of the force between dielectric substance and a charged particle in the electromagnetism.
In this paper, we will investigate this phenomena to check the AdS/CFT correspondence [19] . In the gauge theory side we consider the interface described by a fuzzy funnel solution or a "Nahm pole" [20, 14] in N = 4 super Yang-Mills theory. This interface connects two N = 4 super Yang-Mills theories with the gauge groups SU (N ) and SU(N − k). The potential energy between the interface and the test particle is obtained by evaluating the expectation value of the Wilson loop in the presence of the interface. In this paper, we calculated this potential at the classical level.
In the gravity side, this interface corresponds to a probe D5-brane solution of [4] wrapping AdS 4 × S 2 subspace in AdS 5 × S 5 . On the other hand the Wilson loop corresponds to a fundamental string connecting the AdS boundary and the probe D5-brane. The potential is obtained by evaluating the on-shell action of this fundamental string [21, 22] .
We will find that these two calculation agree with each other. This is rather surprizing result since the gauge theory calculation is only valid in small 't Hooft coupling λ limit and the gravity side calculation is only valid in large λ limit. This agreement is achieved because we have a parameter k which characterize the interface.
By virtue of this parameter k we obtain power series of λ/k 2 in the gravity side; λ/k 2 is small though λ is large in the gravity side. The similar mechanism appears in the BMN limit [23] . This mechanism also appears, for example, in the correlator of a surface operator and a local operator [24] (see also [25] ).
The construction of this paper is as follows. In section 2 we consider the problem in the gauge theory side. In section 3 the calculation in the gravity side is performed and the result is compared with the gauge theory side. In section 4 a generalized problem is discussed. Section 5 is devoted to discussions.
Gauge theory side
In this section we discuss the setup and calculation in the gauge theory side. First we give the action and supersymmetries. Next we introduce interface configuration composed of D3-and D5-branes. Under such circumstances we calculate the potential energy between this interface and a test particle. This potential has an analogy with
Coulomb potential between a dielectric substance and a test charged particle.
Action and supersymmetry
This subsection gives the setup and the action of the N = 4 super Yang-Mills theory.
This theory contains the fields, A µ , φ i , ψ : µ = 0, 1, · · · , 3, i = 4, 5, · · · , 9. These are the gauge field, the real scalar fields and the 16 component spinor, respectively.
The action of this theory is derived from the 10-dimensional super Yang-Mills theory by a trivial dimensional reduction.(See appendix A for the convention of 10-dimensional gamma matrices Γ M .)
where the definition of the field strength and the covariant derivative are given by
3)
This action possesses the following supersymmetry.
5a)
where , the 16 component spinor, is the parameter of the supersymmetry.
Interface
An interface is a codimension one defect which connects two different theories. Here we consider an interface connecting two N = 4 super Yang-Mills theories with gauge groups SU(N ) and SU(N − k). It can be realized in the string theory [4] as the D3-and D5-brane configuration shown in the table 1.
Due to the presence of this interface, the fields have a nontrivial classical vacuum solution. We analyze the supersymmetry of this classical solution in the gauge theory with the ansatz: 
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N k N-k We obtain the fermion condition 6) which is rewritten as Nahm's equations:
The parameters of the remaining supersymmetries satisfy
Nahm's equations (2.7) have a fuzzy funnel solution [20] :
where t i , i = 4, 5, 6 are generators of a representation of SU(2). Namely, t i are k × k matrices satisfying the commutation relations.
ijk : totally anti-symmetric tensor and 456 = +1.
In the rest of this paper we only consider t i of the k-dimensional irreducible representation.
Test particle and Wilson loop
In this subsection we would like to discuss the potential energy between our interface and a test particle. In order to calculate this potential energy, we adopt the idea of
Wilson loop operator W (z) inserted at the distance z from the interface. It is known that the expectation value of the Wilson loop operator [26] is related to the potential energy as
T denotes the time interval which is taken to be infinity.
Here we introduce this Wilson loop operator and evaluate its expectation value classically. Let us consider the Wilson loop in Euclidean space.
where "tr" is the trace in the fundamental representation and "P " means a pathordered product. The expectation value of this operator is evaluated classically by substituting the classical solution (2.9) to eq. (2.11).
In the last line we used the expression of the maximal eigen value of t 4
By using the relation (2.10) the potential energy in this configuration is
We will compare this result with the gravity dual calculation in the next section.
Dual gravity side
In this section we compute the potential between interface and a test particle with the use of the dual gravity description. We start with an analysis of a probe D5-brane on the D3-brane background related to the interface gauge theory following [4] . The
Wilson loop in the gauge theory corresponds to the classical string [21, 22] which is suspended from the infinite boundary of background and attached on the probe D5-brane. Finally it is confirmed that the calculation of the gravity side agrees with the result of the gauge theory.
D3-brane background
Through the study of AdS/CFT correspondence, it is widely known that the near horizon geometry of D3-branes, as the solution of the 10-dimensional type IIB supergravity, equivalently describe the world volume gauge theory on N D3-branes. We prepare this gravity background. The metric takes following AdS 5 × S 5 form, using the coordinates y, x µ , µ = 0, 1, 2, 3:
with RR 4-form
where η µν and dΩ 
Probe D5-brane
For analyzing the gravity dual to the interface gauge theory, we put a single probe D5-brane, whose backreaction can be neglected, on the D3-brane background as realization of the interface. It is appropriate that we arrange the probe D5-brane on the AdS 4 in the AdS 5 and S 2 on the equator of the S 5 . The action of a single D5-brane is given by
which consists of two terms; the first term is the Dirac-Born-Infeld action and the second term is the Wess-Zumino term. Here we set the pull-back of metric as G and world volume gauge flux as F. And the Dp-brane tension is defined as
Consider the solution of probe D5-brane in the background (3.1) and (3.2) under the following ansatz 
where V means volume of the 3-dimensional subspace along (x 0 , x 1 , x 2 ) directions in the probe D5-brane and we use ∂ 3 instead of ∂/∂x 3 . We solve the equation of motion
and obtain the solution of probe D5-brane 
String and potential
Now let us focus a string ending on the probe D5-brane from the infinite distance corresponds to the Wilson loop (2.11) in the gauge theory with interface. Therefore we can identify the interface-particle potential from the on-shell string action.
In the conformal gauge, the Polyakov action and the Virasoro constraints are
10) where τ, σ are string world sheet coordinates and differentials with respect to them are denoted by "˙" and " " respectively. We assume the region of σ as 0 ≤ σ ≤ σ 1 .
The string ends on the AdS boundary at σ = 0 and is attached to the D5-brane at σ = σ 1 . We can set following ansatz for the string to be static:
Then the action and the constraints are translated into
3 ), (3.13)
14)
The equations of motion are given bÿ t = 0, (3.15)
Note that we impose boundary conditions These boundary conditions denote the string is attached to the probe D5-brane. In particular the first line is Neumann boundary condition along the probe D5-brane and the second line is Dirichlet boundary condition transverse to the probe D5-brane.
Next we solve the equations of motion with above boundary conditions under the gauge t = τ . Eq. (3.16) gives
And the Virasoro constraint becomes
which takes the form
Taking the boundary condition x 3 (0) = z into account, eq. (3.20) is solved as 
where we introduced the elliptic integrals E(ϕ, i) and F (ϕ, i) for convenience (see appendix B for detail). The boundary condition (3.18) indicate y 1 = y(σ 1 ) by using (3.20) and (3.22),
On the other hand, we can solve the boundary condition (3.19) and determine the constant c
With the use of the formula 26) we can rewrite the action
where we chose the integral region → y 1 , due to decompose the divergence originate with the string self-energy. The potential piece, to compare with the gauge theory, is extracted by removing the divergence from (3.27) as in [21, 22, 27] . The potential is read off from (3.27) as
where ϕ 1 is defined as sin
Large κ limit
We conclude this section by estimating the potential with large κ = πk/ √ λ limit.
Since we assume N κ, large κ limit does not affect to the gravity background.
Then the potential (3.28) is expanded as
Even if λ is large, λ/k 2 can be small. Thus this expansion is formally positive power series of λ and could be compared with the gauge theory side. At the leading contribution, we confirmed the AdS/CFT correspondence of the interface-particle potential (2.13) in the gauge theory picture. The next to leading term is the prediction for the λ correction in the gauge theory side.
In this section we consider a kind of generalization for the test particle while the interface is not changed. We compute the potential energy between the interface and this generalized test particle both in the gauge theory side and the gravity side. Those two results agree to each other in the leading order.
Gauge theory side
We consider a test particle parameterized by χ, 0 ≤ χ ≤ π/2 expressed by the Wilson loop
When χ = π/2 this particle is the same as the previous one, while this is mutually supersymmetric to the interface when χ = 0.
The potential energy between the interface and this generalized test particle is evaluated by substituting the solution (2.9) 6 to the Wilson loop (4.1) as the same way as before. The result turns out to be
This is the same as eq. (2.13) when χ = π/2. On the other hand the potential energy (4.2) vanishes when χ = 0 as expected since the interface and the test particle are mutually supersymmetric in this case.
Gravity side
Here in this subsection, we calculate the potential between the interface and the generalized test particle in the gravity side as the same way as section 3.3. The only difference is the boundary condition at y = 0. Let θ be the angle from the North pole of S 5 as shown in figure 3 . We impose the boundary condition θ = χ at y = 0 and θ = π/2 at the other end of the string.
Here we just show the result. See appendix C for the detail of the calculation. Eqs.(C.12),(C.14),(C.16) give three equations for three unknowns y 1 , m, c. π
where we use the notation for short hand:
The potential is written as
As in the previous case we can estimate this potential in the limit κ → ∞ as
The leading term in this expansion agrees with the gauge theory side (4.2) (if k is large) and the second term gives the prediction for κ −2 = λ π 2 k 2 correction.
Discussion
In this paper we investigate the 1/2 BPS interface, in particular the potential between this interface and a test particle. We calculated the potential both in the gauge theory side and the gravity side and found perfect agreement in the leading order. This is a strong evidence of the AdS/CFT correspondence including the interface.
In the gravity side we also obtained sub-leading corrections of a power series of λ/k 2 . This may be compared to the perturbative corrections in the gauge theory side.
It will be an interesting future work to calculate these sub-leading corrections in the gauge theory side and see if they agree with the gravity side.
Here we give a heuristic argument on the perturbative corrections in the gauge theory side, in particular the λ/k 2 behavior of the corrections. This argument is the similar one as in [28] 7 . In order to calculate the perturbative corrections, we express the field as φ i = φ 
where r is a constant. The metric becomes by this Weyl transformation
The classical solution of (2.9) is now simply the constant vacuum expectation value
This is an analogue as the Higgs mechanism. Actually the gauge field get mass as the following way. The Lagrangian density includes
Some of the scalar fields also have mass square term proportional to k 2 . These k 2 terms are the leading terms in the Lagrangian density in the large k limit. Therefore the action can be written as
where L is a function of the fields and their derivatives, which satisfies
From this form of the action we expect that the perturbative corrections will be a power series of λ/k 2 in the large k limit.
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A Gamma matrices
Γ M , M = 0, 1, · · · , 9 are the 10-dimensional gamma matrices satisfying the algebra
) is the metric of 10-dimensional Minkowski space. We also use the matrices with anti-symmetric indices.
B Elliptic integrals
The definition of elliptic integrals are
: the first kind, (B.1)
And we give a useful formula
C Detailed calculation in the gravity side of the generalized case
In this appendix we show the detailed calculation of the potential discussed in section 4.2.
Let us put the ansatz:
Then the action becomes The action becomes
(C.17)
Thus the regularized action S reg is obtained by subtracting the divergent part. We can then read off the potential from S reg as V (z) = 1 2πα
